Abstract. We study the structure of the complex cobordism ring of the flag variety of a compact connected Lie group. An explicit procedure for determining products of basis elements is obtained, generalizing the work of BernsteinGel'fand-Gel'fand on ordinary cohomology and of Kostant-Kumar on Ktheory. Bott-Samelson resolutions are used to replace the classical basis of Schubert cells.
cells) are indexed by elements w of the Weyl group W. The dimension of the cell Xw is equal to twice the length of the corresponding word. The Schubert cells form a free basis for the cohomology of G/T and the classical Schubert calculus determines the multiplicative structure of H*(G/T; Z) in terms of this basis. In the analogous problem for AT-theory cells are represented by their structure sheaves.
In general the cells Xw do not determine classes in h*(G/T) for an arbitrary generalized cohomology theory. However, for a multiplicative cohomology theory h* with complex orientation we construct a family of elements in h*(G/T) which 1. generalize the classes determined by Xw (in ordinary cohomology and ./Í-theory);
2. generate h*(G/T) as a module over the ring of coefficients h* ; 3. arise from classical geometric objects.
These elements descend to h*(G/T) from MU*(G/T) under the complex orientation MU -> h . In MU*(G/T) they are represented by the Bott-Samelson resolutions of singularities. An algebra generated by operators which are in one-to-one correspondence with the simple reflections in the Weyl group acts on h*(G/T). In fact any resolution class arises by applying a product of these operators to the resolution of the zero dimensional Schubert variety. Using a geometric description of the operators we define analogous operators on h*(G/T). The formula of BrumfielMadsen for transfer in bundles of homogeneous spaces yields an expression for the operators in terms of the Euler classes of line bundles on G/T. The formulas which we obtain generalize those known in cohomology and K-Xheory.
The operators enable us to express the resolution classes in terms of the characteristic classes. We also describe a recursive procedure for calculation of products of resolution classes with the Euler classes of line bundles which leads to a procedure for calculation of products of resolution classes. The algorithm yields Schubert calculus for any complex oriented cohomology theory but differs from the known algorithm for complex AT-theory. The classical operators from ordinary cohomology and A"-theory satisfy the so-called braid relations. In a previous paper, we showed that these two theories were essentially the only theories in which braid relations were satisfied. As a consequence of this fact, two different resolutions for the same Schubert variety may define different classes in h*(G/T), if h is not ordinary cohomology or Ktheory. However, one can still determine the product of two resolution classes in terms of a basis. The difference between two resolutions may be regarded as more delicate information about the resolutions than appears in cohomology or A"-theory. This paper is organized as follows. After recalling some facts about multiplicative cohomology theories with complex orientation we give a short account of Quillen's geometric interpretation of complex cobordism.
In the following sections we use this description of MU to define a family of classes in MU*(G/T) and give a procedure for calculating cup and cap products. The resulting formulas describe Schubert calculus for any multiplicative cohomology theory with complex orientation.
Complex oriented cohomology theories
In this section we recall the basic properties of multiplicative generalized cohomology theories with complex orientation.
A multiplicative cohomology theory h is a functor from topological spaces to graded rings satisfying the Eilenberg-Steenrod axioms except for the dimension axiom and some additional axioms for the product [Dy] . A multiplicative cohomology theory h is complex oriented if complex vector bundles are oriented for h. In a complex oriented cohomology theory the Euler class and the Chern classes of complex vector bundles are defined and satisfy the usual properties. Examples of complex oriented cohomology theories are ordinary cohomology, complex K-theory, elliptic cohomology, and complex cobordism. Complex cobordism is the universal complex oriented theory, so for any such theory there is natural transformation MU -> h .
A complex orientation of a proper map of (smooth) manifolds
where F is a complex vector bundle and / as an embedding with a stably complex normal bundle. A compact manifold is said to be complex oriented if and only if the map to a point is complex oriented (equivalently the tangent bundle is stably complex). Given proper choices of complex orientations the Gysin homomorphism satisfies the following properties:
1. The projection formula holds (i.e. with notations as above f is a map of h*(N) modules). 2. Naturality (i.e. (f ° g)* = f ° g*). To a cohomology theory h with complex orientation corresponds a formal group law defined over the coefficient ring h*, i.e. a power series OF over h*. The group law expresses the Euler class of the tensor product of two complex line bundles in terms of the Euler classes of each, so X(Lx®L2)=F(x(Lx),x(L2)).
For example the group law of ordinary cohomology is additive, i.e. where m is a unit. As Quillen showed in [Q] the group law associated with complex cobordism is the universal group law.
Geometric interpretation of complex cobordism
In this section we recall a geometric definition of complex cobordism and of the corresponding homology theory of complex bordism and describe the associated notions (e.g. the induced maps, products, duality) in terms of these definitions.
We define the (co)bordism groups for a smooth manifold (not necessarily compact). All maps will be assumed to be smooth.
Complex bordism theory MU was originally defined by geometric means as bordism classes of maps of stably complex manifolds. More precisely for a space X the underlying set of the group MUq(X) is the set of equivalence classes of maps M-^X.
Here M is a closed, stably almost complex manifold. This means that M is a compact smooth manifold without boundary of dimension q with IM stably complex. Two such maps (M, f) and (N, g) are equivalent (bordant) if and only if their disjoint union extends to a map W-*X of a compact stably almost complex manifold W of dimension q + 1, whose boundary is the union of M and A. Moreover, the stably almost complex structures on M and A induced by the embedding into W and the original ones are required to be equivalent. The Abelian group structure on MU»(X) is given by the operation of disjoint union. By a theorem of Rene Thom the resulting groups coincide with those obtained by a homotopy-theoretic construction [S] .
The dual cohomology theory MU called complex cobordism was given a geometric description by D. Quillen [Q] . We present an outline of his construction below.
For a manifold X of dimension n an element in MU"~q(X) is represented by a differentiable, proper map M -> X of a (not necessarily compact) manifold M of dimension q together with an equivalence class of complex orientations. Two such maps are equivalent if and only if they are bordant as maps with complex orientations. is defined by taking the Cartesian product of maps. For a space X, MU*(X) is a (graded) commutative ring with unit under cup product defined by
where A is the diagonal embedding of X into X x Y. Thus the cup product is represented by the "geometric intersection of cycles." The unit element is represented by the identity map. Similarly there is a cap product pairing
given by the fiber product of maps. A compact stably almost complex manifold X has a fundamental class in MUt(X) represented by the identity map. Poincaré duality can be described as follows. Let (M, f) represent an element in MU*(X). The complex orientation of / and the stably almost complex structure on X induce a stably almost complex structure on M. With this structure (M, f) represents an element in MU*(X) of complementary (with respect to the dimension of X) degree which is the Poincaré dual.
For a proper complex oriented map
is defined by composing with /. In presence of Poincaré duality this is the adjoint to the induced map in bordism. Stably complex vector bundles are oriented in complex cobordism. For a vector bundle £-»! with the zero section Ç the Thom class Ue in MU*(XE) is defined by Ue = C ( 1 ), where Xe denotes the Thom space of E and Ç denotes the zero section. The Euler class x(E) in MU*(X) is defined by X(E) = C*C*(1) • Thus the Euler class is represented by the inclusion of the submanifold of zeros of a generic section.
Geometry and topology of the flag variety
In what follows G is a compact simply-connected Lie group. We fix a maximal torus F c G. The complexified Lie algebras of G and F will be denoted by g and t respectively. Let ¿% denote the set of roots of G and choose a system of positive roots ¿?+ with simple roots A -{ax, ... , a¡}. The compact group G can be embedded in a complex group Gc with Lie algebra g. In Gc we choose the Borel subgroup B containing F and having ¿%+ for the roots. where Xw -BwB and dimX,,, = 2l(w) (l(w) denotes the length of the word w) [BGG] . This decomposition gives G/T a structure of a CW complex. The closure Xw of the cell Xw is an algebraic subvariety of G/T (often singular) called a Schubert variety. Its boundary is a union of cells corresponding to all the words which are smaller than w in Bruhat ordering [BGG, §2] . Consequently the integral cohomology of the flag variety is free with basis Xw , w £ W and is concentrated in even degrees.
Since MU* is also even graded the Atiyah-Hirzebruch spectral sequence H*(G/T; MU*) => MU* (G/T) collapses at the F2 term and there is an isomorphism of abelian groups MU*(G/T) 2 H*(G/T) <g> MU*.
It follows from the universal property of M U that we can restrict our attention to the complex cobordism theory. Indeed, by naturality of the AtiyahHirzebruch spectral sequence, the above spectral sequence collapses at the F2 term for any complex oriented theory h . The ring structure of h*(G/T) is obtained by specialization using the Thom class. The Schubert cycles Xw which generate the associated graded group H*(G/T) ® MU* of MU*(G/T) do not have canonical liftings to cobordism classes. However, we can use the resolutions of singularities of Schubert varieties to represent liftings. We will use cobordism classes given by Bott-Samelson resolutions of singularities of Schubert varieties (also known as the canonical resolutions). They appeared in the context of Schubert calculus in the work of Bott-Samelson [BS] , Demazure [D] , and Arabia [A] .
The Weyl group W of G is generated by reflections sx, ... , s¡ which are in one to one correspondence with the simple roots. We shall also consider subgroups H\, ... , H[ of G of minimal rank. Hk can be described as the subgroup containing F with roots ak and -ak . The complexified Lie algebra of Hk is g"t ©t© g_QA , where g,t denotes the ak root space. There is an embedding SU(2) -» Hk such that the intersection of the image of the maximal torus of SU (2) with F is the one parameter subgroup of F, t h-> exn(tX*k), X*k denoting the element of t dual to the fundamental weight Xk . We shall identify the flag manifold of SU(2) with CP1 , thinking of the latter as the projectivization of the standard representation of SU(2). The inclusion of SU (2) {hi,..., hn)*hi ■h"-T.
Suppose the multi-index / indexes a decomposition of a word w £ W into a product of simple reflections w = sit • sh ■ ■ ■ sin with l(w) = n (such a decomposition is called reduced). Then (R¡, r¡) is a resolution of singularities of Xw , i.e., R¡ is smooth and the map r¡, is proper and birational [D] . Let / be as before and let J = (ix, ... , i"-X). Then R¡ is fibered over Rj by (hi,... , hn) *-*■ (hi,... , h"-X) with fiber H¡JT isomorphic to CP1 .
We now give an alternative description of R¡. Consider the space //,, x T ■ ■ ■ xT Hin , xT Hjn . This is a principal //," bundle over Rj . The group //," has an irreducible complex two dimensional representation with highest weight Xi", which, when restricted to SU(2) (cf. the description of H¡n), is just the standard representation. The associated vector bundle V(J, i") over Rj splits into the sum of line bundles:
where L(X) denotes the line bundle on Rj associated to the character ex of the right-most torus in the definition of Rj (and is equal to r}L(X)). Then R¡ is isomorphic to the projectivization of V(J, i"). This makes h*(R¡) easily computable for any complex oriented theory h by standard techniques. For example h*(R¡) is generated (as an algebra over the ring of coefficients) by the degree two part. The latter fact plays an important role in what follows.
The resolution R¡ is a complex manifold and the map r¡ is a holomorphic map, and, therefore, naturally complex oriented.
Definition. Z/ is the complex cobordism class represented by the pair (R¡ ,r¡). By Ze we shall denote the cobordism class represented by the inclusion of the zero dimensional cell which corresponds to the empty multi-index.
The resolution class corresponding to a reduced decomposition of w £ W descends to the class of the Schubert variety Xw in ordinary cohomology and complex AMheory. In ordinary cohomology this is an immediate consequence of the birationality of the map r¡. In AMheory this is a subtle fact which follows from the normality of Xw and vanishing of certain derived functors (cf. e.g. [Ku] ). In ordinary cohomology, if the multi-index / indexes a nonreduced product of reflections the corresponding resolution class descends to zero. The cobordism classes corresponding to different choices of reduced decompositions are different and, in fact, usually specialize to different classes under the Thom class map. This is related to the results in [BE2] (see the remark at the end of the paper). The facts that the ordinary cohomology is free on the basis of the Schubert classes, and that the Atiyah-Hirzebruch spectral sequence degenerates at E2, imply Proposition 1. The collection of cobordism classes Z¡ generates MU*(G/T) as a module over the coefficient ring. In fact it is freely generated by any subcollection, containing exactly one class Z¡ per element w £ W, so that I indexes a reduced decomposition of w .
The flag variety naturally maps to the classifying space of the maximal torus. This map can be described as the inclusion of the fiber of the bundle BT -» BG.
Alternatively, it is the classifying map of the F-principal bundle G -» G/T.
The induced homomorphism in cohomology is called the "characteristic homomorphism"
X: H*(BT) -H*(G/T).
The cohomology ring of BT with complex coefficients can be naturally identified with the completion of the ring of complex valued polynomial functions on the complexified Lie algebra of F, where the linear functions are assigned degree two. The integral linear functions are weights X of t, which exponentiate to characters ^ on I. The characteristic homomorphism maps a weight X to the Euler class of the line bundle L(X) on G/T associated to the character ex .
The characteristic homomorphism is surjective in rational cohomology. Consequently it is surjective in any complex oriented theory h whose coefficients form an algebra over the rational numbers. In that case there is a short exact sequence
-» (h*(BT)f) -» h*(BT) -» h*(G/T) -» 0
which identifies the kernel of the characteristic homomorphism with the ideal in h*(BT) generated by the Weyl group invariants of positive degree.
Operators on MU*(G/T)
In this section we define operators A¡ which generate an algebra acting on MU*(G/T).
This action makes MU*(G/T) into a cyclic module generated by the class Ze represented by the inclusion of the zero dimensional cell. The operators allow us to express the resolution classes in terms of the image of the characteristic homomorphism. They will be used in conjunction with the cap product formula to describe the multiplicative structure of MU*(G/T). 2. This follows directly from the projection formula. The first equality follows from the fact that there is a vector field with the number of simple zeros equal to the Euler characteristic. Since the flag manifold is path connected all points define the same cobordism class. The second equality follows from the Whitney sum formula. Naturality properties imply that the characteristic homomorphism intertwines the actions of C, and yl,.
The operators C, act on MU*(BT) by the formula in Proposiion 3 below. The formula is derived in [BE2] using homotopy theoretic considerations.
Proposition 3 [BE2] .
Cup product formula and Schubert calculus
In the preceding section we developed a method for expressing resolution classes in terms of the image of the characteristic homomorphism. We shall presently describe a method for computing the products of resolution classes with characteristic classes of line bundles on G/T. Combined with the results of the previous section this yields a method for computing products of resolution classes.
Let I = (ii, ... , in) be a multi-index with 1 < i¡ < I. Recall that the cobordism class Z¡ £ MU*(G/T) is represented by the map r,:R,^G/T. Let L(X) be the line bundle associated to a weight X. It has the Euler class X(L(X)) in MU*(G/T). The cup product formula expresses #(F(A)) U Z¡ in terms of other resolution classes. X(L(X)) UZ; = n.x(r,L(k)).
Proof. The equality is a direct consequence of the projection formula for the Gysin homomorphism. We can rewrite the right-hand side as r,.X(rIL(k)) = r,.r*x(L(k)) = x(L(k))ör"(l) = x(L(k)) UZ;.
Lemma 1 shows that the cup product formula comes from a formula for Euler classes in MU*(R¡). The line bundle r^L(k) will be simply denoted by L(k).
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We establish some notation which will be used to perform calculations in MU*(R¡). Given a multi-index / = (ix, ... A pair (Rj, ijj) represents an element of MU*(R¡). We shall denote it as well as the integral cohomology class it determines by [Rj] . In view of the observation above we have Lemma 2. r¡t[Rj] = Zj.
Thus the classes of the form [Rj] are precisely the classes we use to obtain the expression for x(L(k)).
A complex line bundle is determined up to isomorphism by its first Chern class cx (L) in integral cohomology. The group of line bundles on R¡ denoted Pic(Ri) is isomorphic to H2(R¡ ; Z), which is free and has a convenient basis of elements, whose liftings to MU*(Rj) can be chosen to be [R¡k] .
The isomorphism Pic(R,)^H2(Rr,Z)
is given by the first Chern class. H2(R¡; Z) is free with basis consisting of classes [R¡k] with 1 < k < n. Therefore we can choose a basis for Pic(R¡) consisting of line bundles Lk , where 1 < k < n , satisfying
Take Lk to be the line bundle associated with the divisor RJk (cf. [GH] ). This means Lk has a section which intersects the zero section transversally on R¡k so that ] in complex cobordism. This basis connects line bundles with a geometric basis for MU*(R¡). In ordinary cohomology, the Euler class of a line bundle on R{ is a linear combination of [R¡k ] but for a general complex oriented theory, it is a sum of products of [R¡k ] computed using the formal group law associated to the theory. Proof. Using the projection formula as in Lemma 1 it is easy to see that cx(n*<kr*1<kL(X)) [Rh] is equal to the degree of the line bundle /*,-.) ,n*.kr*^L ( Under the identification of //¡,/F with CP1 (cf. discussion in §4) the line bundle i*L(k¡j) corresponds to cfCPi(-l)-the tautological line bundle of degree -1. A line bundle associated to a weight k is a tensor power of i*L(kij) with exponent the multiplicity of Ai; in k which is precisely (k, a¡j ). Consequently it has degree -(k, a,y). Proof. In the second case we have a transverse intersection at Re (one point) so [R[k] [R¡j] = 1 . In the remaining cases /?;, is contained in R¡k. The normal bundle of Rjk in R¡ is easily seen to be n<kr¡ L(-a¡k). Then the intersection number can be computed by [RIk] [RiJ] = cx(7Z*<kr¡<kL(-a¡k)) [Rij] in which case the answer follows from Lemma 3.
Lemma 5. Let I -(ix, ... , i") be a multi-index with I < ij < I, and let s¡ be the corresponding product of simple reflections. Then for any weight k the following identity holds:
Proof. The identity is easily verified by expanding s¡k.
As an immediate corollary of the proposition we obtain the cap product formula in ordinary cohomology.
Theorem (cf. [BGG] ). Let k be a weight and let L(k) denote the associated line bundle on G/T. Let I = (ix, ... , i") be a multi-index indexing a reduced decomposition of w = s¡ in the Weyl group (i.e. l(w) = n). Then the cap product of cx (L(X)) with the homology class of the Schubert variety Xw is given by the formula cx(L(X))nXw = ¿2~(k, sJllalk)XSlk k where k satisfies 1 < k < n and l(s¡k) -l(w) -1.
We shall now present a procedure for calculation of products /(F(A))Z/ in complex cobordism. We have
for some coefficients ma £ MU* determined by the formal group law of MU . Thus we have to compute all products in the above summation. By induction it suffices to compute products of the form [R¡k] [Rj] where J is a submultiindex of /. After we have computed these products we obtain a product free expression in the above to which we can apply r¡* to obtain the final result in terms of classes Zj . This completes the discussion of the cap product formula in complex cobordism. We now have the means to express a resolution class Z/ in terms of the characteristic classes (using the operators A¡) and to calculate the products of resolution classes with characteristic classes (using the cap product "formula" described above). These combined yield a method for calculation of products of resolution classes in terms of resolution classes. We summarize all of the preceding discussion in a theorem.
Theorem. Let G be a compact connected Lie group with maximal torus T. Let h be a multiplicative cohomology theory with complex orientation. Then there is an algorithmic procedure for computing products in h*(G/T) in the set of generators of the form Z/. The procedure depends only on the root system data and the formal group law associated with the cohomology theory.
Remark. As a consequence of the above cap product formula we can give a more geometric proof of the fact that the braid relations are not satisfied for elliptic cohomology or cobordism (cf. [BE2, BEI, and G] ). Indeed if Rj and Rj are two distinct resolutions of the same Schubert variety, then one easily sees that there are combinations p of characteristic classes such that p nZ¡ / pnZj .
